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Abstract. We show that the asymptotic behavior of the partial sums of a 
sequence of positive numbers determine the local behavior of the Hilbert space 
of Dirichlct series defined using these as weights. This extends results recently 
obtained describing the local behavior of Dirichlet series with square summablc 
coefficients in terms of local integrability, boundary behavior. Carleson measures 
and interpolating sequences. As these spaces can be identified with functions 
spaces on the infinite-dimensional polydisk, this gives new results on the Dirich- 
let and Bergman spaces on the infinite dimensional polydisk, as well as the scale 
of Besov-Sobolev spaces containing the Drury-Arveson space on the infinite di- 
mensional unit ball. We use both techniques from the theory of sampling in 
Paley- Wiener spaces, and classical results from analytic number theory. 



1. INTRODUCTION 

The theory of Dirichlet series, i.e. functions of the form f(s) = YlneN a « n ~ s with 
s = a + it as the complex variable, offers a bridge between number theory and 
analysis. Perhaps the most appealing example of the power of this connection is 
given by the tauberian approach to the classical prime number theorem. One way 
to state the prime number theorem is to say that the Chebyshev-type inequalities 

A 7V ^<y Wn <B-^— , (i) 

with coefficients 

{1 n is a prime 
otherwise ' 

and a — 1, holds for any A, B > 1 as long as x > is taken to be sufficiently large. 
Originally due to Ikehara, the general idea of the tauberian approach is to connect 
the function theoretic properties of the Riemann zeta function ((s) = ^2 ne ^n~ s 
to the growth of these partial sums (see e.g. |34{ p. 245]). As is well-known, the 
properties of the Riemann zeta function is closely related to the behavior of the 
prime numbers through the Euler product formula 

««) = II r^- 

p prime 

We study the connection between the asymptotic behavior in terms of the in- 
equalities (fll) for general sequences (w n ) n eN of non-negative numbers, and local 
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function theoretic properties of the Hilbert spaces 



|2 



3V W = < a n n s : — — < oo 

(By convention, if w n = 0, we exclude the basis vector n~ s from this definition.) 

The recent interest in the theory of these types of spaces began with a paper 
by Hedenmalm, Lindqvist and Seip [llj . where in particular the local behavior 
of functions in the Dirichlet-Hardy space Jrff 2 , which corresponds to the choice 
w n = 1, is studied. By the Cauchy-Schwarz inequality, the space Jif 2 is seen to 
consist of functions analytic on the half-plane C1/2 = {Res > 1/2}. The results 
of this and later contributions [2], [16], [2H |25] can be summarised as saying that 
locally J^ 2 looks much like the classical Hardy space 

H 2 (Ci/ 2 ) — If analytic on Ci/ 2 : sup — / \f(a + it)\ 2 < 00 

[ <t>1/2 27T J R 

One of the starting points of the function theory for the Dirichlet-Hardy space 
is a simple, but striking, local connection indicated by comparing reproducing 
kernels, i.e. functions k w such that (f\k w ) = f{w) for all / in the space, and 
points w in the domain of definition. For the space J^ 2 , the reproducing kernel 
at w G C1/2 is the translate k w (s) := ((s + w) of the Riemann zeta function. The 
Riemann zeta function is known to be a meromorphic function with a single pole 
of residue one at s — 1. This yields the formula 

k w (s) = — — + h(s + w), 

s + w — 1 



where h is an entire function. This reveals that k w is an analytic perturbation of 
the reproducing kernel for iJ 2 (Ci/2), namely the Szego-kernel k^(s) = (s + w — 1). 

The following results strengthens this local connection. The first is [TT| Theorem 
4.11], which was found independently by Montgomery |22] p. 140] in the context 
of analytic number theory. 

Theorem (Local embedding theorem [11, 22J). Given a bounded interval I , there 
exists C > 0, depending only on the length of I , such that for all F G Jif 2 we have 



It is an immediate consequence of this theorem that if F G M' 2 then F(s) / s G 
H 2 (<£i/2)- In particular, this implies that functions in M' 2 have non-tangential 
boundary values almost everywhere on the abscissa o = 1/2. The second theorem 
we mention is in some sense dual to the previous one, and describes the space 
spanned by the boundary functions. 



Theorem (Local boundary function property |24|). Given a bounded interval I 
and a function f G H 2 (Ci/2), there exists F G Jif 2 such that F — f has an analytic 
continuation across the segment 1/2 + i J. 
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With these results in hand, it is not difficult to show that a compactly supported 
positive measure /i on C1/2 is a Carleson measure for ffl 2 if and only if it is a 
Carleson measure for H 2 (Ci/2) (see also the proof of Theorem [3). Recall that if 
H is a Hilbert space of functions on C1/2, we say that a positive Borel measure is 
Carleson for H if there exists C > such that for all / G H we have 

\f(s)\ 2 d^ s )<c\\f\\ 2 H . 



c 

Finally, we mention the following result on interpolating sequences. Recall that 
a sequence (sj)j^s is called interpolating for a Hilbert space H of functions analytic 
on some domain Q, which admits a reproducing kernel k w at all w E Q, if for all 
sequences (wj)j e ?$ satisfying ^2 \vjj\ 2 /\\k Wj \\ 2 < 00 there exists a solution / 6 H to 
the problem /(sj) = lOj. 

Theorem (Local interpolation theorem |25j). Lei 5 = (sj) be a bounded sequence 
of distinct points in C1/2. TTien 5 zs interpolating for ffl 2 if and only if it is 
interpolating for if 2 (Ci/2). 

(See (HI ED 1231 I2H] for further results on functions spaces of Dirichlet series.) 

Such precise results are perhaps surprising in view of a deep feature of the 
theory, which dates back to H. Bohr [1]. He observed that Dirichlet series can be 
identified in a natural way with power series of countably infinitely many variables 
by identifying the z'th complex variable z\ with the Dirichlet monomial p~ s , where 
Pi is the i'th prime number. Therefore the study of the spaces J^ w can be seen 
as the study of Hilbert spaces of functions in countably infinitely many variables. 
Namely, the space J^ w , introduced above, is identified with 

Here v = (y\, U2, ■ ■ ■) is a multi-index, z v = z^z^ 2 • • • , and we only sum over v 
with finite non-zero entries in N. In particular, the Dirichlet-Hardy space M' 2 
is identified with the Hardy space on the infinite dimensional polydisk, if 2 (B°°), 
which corresponds to the choice w v = 1. 

For completeness, we briefly discuss the space H 2 (D°°), or rather, its more 
natural counterpart if 2 (T°°), where 



F = {( 2l)22r ..): Zl GT} 



is the countably infinite dimensional torus. T°° is more natural to work on than 
D°°, since it is a compact abelian group under coordinate- wise multiplication, 
and therefore admits a unique normalized Haar measure fi. It follows that we may 
define the space L 2 (T°°) in the usual way. To define the analytic subspace H 2 (T°°), 
we identify each x T°° with a multiplicative function determined uniquely by 
X(Pj) = z ji where pj is the j'th prime number. The function \ is extended to 
all the positive rational numbers Q + by setting \i\jn) = x{ n )- The Fourier 
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spectrum of / G L 2 (T°°) is in this way identified with Q + . In light of this, we 
define H 2 (T°°) to be the closed subspace whose Fourier spectrum is supported 
only on N. Similarly, for any p > we obtain the spaces H P (T°°). The Bohr 
identification now yields a family of spaces Dirichlet-Hardy spaces that we denote 
by Jt? p . We refer the reader to [21 El E] for further details. In particular, in [5], it 
is explained how functions in H P (T°°) can be identified with analytic functions on 
D°° fl £ 2 , thereby justifying the use the notation if p (D°°). As a consequence, one 
direction of the Bohr correspondence can be understood as evaluating a function 
in H P (T°°) at the points (2~ s , 3" s , 5~ s , . . .) for Res > 1/2. 

Analogues of the three theorems mentioned above have also been obtained in for 
the choice of weights w n = (logn) a [24"1 [25] . However, observe that these spaces, 
which were introduced by McCarthy in (21], correspond to spaces of functions in 
infinite variables where monomials of the same degree may differ in norm. Our 
approach in this paper allows us to consider more general choices of weights w n , 
which correspond to more well-known spaces of infinite variables. In fact, we are 
able determine the local behavior of spaces of Dirichlet series corresponding to 
important classical spaces. These include the Dirichlet and Bergman spaces on 
the infinite dimensional polydisk, and the Drury-Arveson space, as well as the 
general scale of analytic Besov-Sobolev spaces, on the infinite dimensional unit 
ball. (See examples 1 through [7] below.) 

The structure of the paper is as follows. Our results are presented as theorems 
1 to 4 in the following section, where we also include a detailed treatment of the 
examples mentioned above, as well as a few additional ones. In Section 3 we recall 
some background results on sampling theory needed in the proofs, and establish a 
simple lemma. The proofs of our theorems are given in sections 4 to 7. In Section 
8, we make some concluding remarks. 



2. Results 

We begin with some notation. Recall that we denote the complex variable by 
s = o + it, and C CT0 = {a > <jq}. In addition, for a bounded interval / C K, we 
set Cj = {s G C : i(s — 1/2) ^ R\J}. That is, Cj is the complex plane with two 
rays on the abscissa a = 1/2 removed. Also, we take f(x) ~ g{x) to mean that 
g(x)/f(x) — > 1 for x approaching some given limit, and by f(x) ~ g(x) we mean 
that there exists constants A, B > such that Af(x) < g(x) < Bf(x) for all x. 
If only one of the inequalities hold, we use the symbols < and >. We denote the 
Lebesgue measure in the plane by dm. 

Next, we review the definition of the classical scale of spaces i^ a (Ci/ 2 ), which 
contains the Bergman (a = —1), Hardy (a = 0) and Dirichlet (a = 1) spaces 
on the half-plane C1/2. Accordingly, we set -Do(<Ci/2) := H 2 (Ci/2). For a < 0, 
the space D a (Ci/2) consists of the functions / analytic on the half-plane C1/2 and 
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finite in the norm 

a-l 



L(c 1/2 ) = I l/(*)| 2 (--£) a dm(s) 



2 

D a (C 1/2 ) 



'C V 2 

For < a < 1, the space consists of functions analytic on C±/ 2 for which f(a) — > 
as a — > oo, and which are finite in the norm 

jf l/'^l 2 ^-^) Q+1 dm( S ). 

The spaces D Q (Ci/ 2 ) are reproducing kernel spaces. I.e., given a < 1 and £ e Ci/ 2 , 
there exists a function /^(s), such that = /(£)■ For a < 1 these reproducing 

kernels are now given by 

k^s)=c a (s + ^-l) a -\ 

for the constants c a = (—a)2~ a ~ 1 when a < and c a = 2 Q ~ 1 (1 — a) -1 for 
< « < 1. In the limiting case a — 1, we have 

7T S + 4 — 1 

To simplify the statements of our theorems, we define the following notions of 
local embeddings. Here we use the notation Q T = (1/2, 1] x /, where / C K is a 
bounded interval. 

Definition 1. Fix a < 1. We say the space Jif w is locally embedded in the space 
£>a(Ci/ 2 ) if for every finite interval / there exists a constant C > such that, if 
a < then 

-a-l 



if a = 0, then 

CT>l/2 



sup f \F(a + it)\ 2 dt<C\\F\\% m , 

t>1/2JI 



and if < a < 1, then 

-a+l 



jf l^(^)| 2 (^-0 ° dm( S )<C||F| 



2 

ir 



We can now formulate our first theorem. It generalizes the local embedding 
theorem mentioned in the introduction. 

Theorem 1. Let (u>„)„ e N be a sequence of non-negative numbers, and a G (— oo, 1]. 
The following statements are equivalent. 

(a) There exists a constant C > such that for all x > 2, 



X 



(\ogx) a 



n<x 

(b) ,W W is embedded locally into the space D Q (Ci/2). 
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By analogy to the prime number theorem, the inequality in (a) can be considered 
as an upper Chebyshev-type inequality. 

Although we defer most proofs to later sections, we now give the simplest possi- 
ble illustration of how Chebyshev-type inequalities are connected to the function 
theoretic properties of the spaces M^. The argument is very similar to the one in 

ED 

Proof of (a) =>■ (b) when a = 0. For F G J{f w and a > 1/2, we calculate by duality 
/ \F (a + it)\ 2 dt] = sup f F (a + it) g(it)dt 

J I J geL 2 J I 

llsll=i 

N f 

= sup 2_, a nn a I g(it)n lt dt 

llsll=i 

7T ST 9 logn 
2vr sup > a n . 



M=i n=1 



If we multiply and divide by y/w^,, apply the Cauchy-Schwarz inequality, and take 
the appropriate limits, this yields 

([\F(l/2 + it)fdt) 1/2 <\\F\U sup ^M 1 ^^. (2) 

"sll=i 



(*) 



The functions g are Fourier transforms of functions with compact support in a 
fixed interval in K, which implies that they are very regular in the sense that for 
£ G (k, k + 1) we get the easy estimate \g(£)\ < \g(k)\ + ||5 ,/ ||L 2 (fc,fc+i)- This is 
sufficient to conclude, since by this estimate, the upper Chebyshev inequality for 
(w n ), and basic properties of the Fourier transform, we obtain 

(*) = 2^ 2^ — " w - ^ 1^ ~k 1^ w n< \\g\\ L 2 iiy 



n — e 

k=l ne(e k ,c k + 1 ) k=l n<e k + 1 



□ 



The following result generalizes the theorem on boundary functions mention 
in the introduction (see also Theorem [1] below) , and demonstrates the function 
theoretic significance of lower Chebyshev-type inequalities. 

Theorem 2. Let (w n ) be a sequence of non-negative numbers and a G (— oo, 1]. 
If the upper Chebyshev-type inequality of Q holds for this choice of a and (w n ), 
then the following statements are equivalent: 
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(a) There exists a constant such that for all x > 2, 



E 

n<x 



W 



n 



> 



x 



(loga;) a 



(b) For intervals I sufficiently small and every f G i} a (Qt/2) there exists F G 
Jif w such that f — F has an analytic continuation across the segment 1/2 + i/. 
Moreover, for every domain T at a positive distance from C\C/ ; there exists 
a constant C such that ||/ — .F||L°°(r) < C||/l|r> Q - 

The proof relies in a crucial way on the theory of sampling sequences, and is 
given in Section [5| See also remarks [4] and [5] below on the optimality of this result. 

The following result should be considered an application of the previous two 
theorems, and the proof is given in Section [6j 

Theorem 3. Let (w n ) be a sequence of non-negative numbers and a G (— oo, 1]. 
If both the Chebyshev-type inequalities Q hold for this choice of a and (w n ), then 
the following statements are true. 

(a) The Carleson measures with compact support for J^ w and D a (Ci/2) coincide. 

(b) The bounded interpolating sequences of and D a (Ci/2) coincide. 

We state and prove a simple lemma which is used in the proof of this theorem 
as it offers a simple application of the Chebyshev-type inequalities. The proof of 
Theorem [3] is given in Section [6] 

Lemma 1. Let (w n ) be a sequence of non-negative numbers and a G R. If both 
the Chebyshev-type inequalities (fl| hold for this a and (w n ), then for s = a + it 
in Ci/2 there are constants such that 

\\k^\\l a <J2 w ^ 2a ^\\ k ^\\^ as '"HA 

raeN 

Proof. Denote the k-th partial sum of w n by Wk- We sum the left-hand side by 
parts, and then apply the mean value theorem for o G (1/2, 1), to get 



neN n>l nGN 



n 2 °-\ 



By an application of the Chebyshev-type inequalities, this is seen to be comparable 
to 



E 



n -2a 



(log n + l) c 



nGN 

The desired conclusion now follows exactly from [25| Lemma 3.1], which gives the 
behavior of these weighted zeta-type functions as 2a — > 1. □ 

Next, we record a stronger version of Theorem [2j as it is more suited for the 
examples we consider below. The proof is given in Section [7j 
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Theorem 4. Suppose that for some constant C > we have 



£ 

n<x 



X 



w ™ ~ c n w as x -i> oo, (3) 

(\ogx) a 



then part (b) of Theorem^ holds for every finite interval I. 

Our first example asserts that the above results generalize those mentioned in 
the introduction. 

Example 1 (The Dirichlet-Hardy space and McCarthy's spaces). Let w n = (1 + 
logn) a . For a = 0, we have J$? w = Jif 2 , and it is trivial to estimate the partial 
sums. So, theorems [T] and [3] reduce to the local embedding and interpolation 
theorem, respectively, of the introduction, as well as the statement on the local 
equivalence of Carleson measures. Note that Theorem [2] reduces to a weaker result 
than the one on local boundary functions in the introduction, while Theorem |4| 
which holds in this and all of the following examples, reduces to exactly this 
theorem. For general a < 1, we get the same results, except in this case we 
have to compare the space J4? w to D a (Ci/2)- In this case, the spaces Jif w were 
introduced in [21], and the corresponding results are contained in [24"1 [25] . Recall 
that the Dirichlet-Hardy space is identified with if 2 (0°°) by Bohr's observation, 
but for a ^ there is no such natural identification as the monomials z n and z m 
may have different norms even if \m\ = |n| for multi-indices m,n. 

Examples [2] through [5] explore natural analogues on D°° for the scale of spaces 
on D which include the Bergman, Hardy and Dirichlet spaces. To fix notation, we 
let f(z) = £ „ eN <V\ and define norms by 



where dm^z) = ((/9+l)/7r)(l — r 2 )^rdrd^ is a probability measure on D for > 0, 
and 



l am = 2^K\ 2 (n + ir. (5) 

(Note that the integral norm in ^ breaks down for (3 < unless suitably modified. 
However, for /3 G (—1,0) we only consider the coefficient norm.) Here we follow 
the notation of [10] and [33], respectively. To define the spaces ^(O^) and D a (3 d ) 
for d G N U {oo} while avoiding tedious notation, we content ourselves in saying 
that for the space D a (3 d ), the monomials z" 1 . . . z v d d form an orthogonal basis with 
norm the square root of (i>i + 1)" ■ ■ ■ [y^ + l) a . For d = oo, the union of these 
systems of monomials form the orthogonal basis. For the spaces Apfp*), with 
fi > — 1, the corresponding statements holds in terms of the coefficient norms, 
while for /3 > one retains the identity 

. . . , Zdj^&m^zx) . . . dmp(z d ). (6) 
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Since 

(l + /?)(2 + /?)■■■ (n + fl , 
n\ 

it follows that on the unit disk, or in fact on any finite polydisk, these spaces have 
equivalent norms for a = —f3 and (3 > —1. This no longer holds on D°°. 

Example 2 (The spaces safp). For 7 > we define the numbers d 7 (n) by the 
relation C( s ) 7 — SneN d 1 {n)n~ s . By considering the Euler product, it is not hard 
to see that d^{p u ) = 7(7 + 1). ..(7 + 1/ — 1)/V!. An explicit formula now extends 
easily toiiGN since d^(kl) = d 1 (k)d 1 (l) whenever k and I are relatively prime. 
We now define stf$ := ffl w for the weights w n = dp+i(n). By the above discussion 
and the Bohr correspondence, the spaces srfp are isometrically identified with the 
space ^(D 00 ). Moreover, the space has translates of C( s ) as its reproducing 
kernel, and it follows by [T"4"t Theorem 14.9] that for some constant C > 0, 

~ Ca;(loga;)^. 

n<x 

Hence, in the sense of theorems [lj |2) g and [§ the space gfp behaves locally like 

D-p(Ci/2), as could be expected. 

Example 3. In the limit as /3 — > — 1 + , the previous example leads us to also 
consider the case when Jrf? w is the space of Dirichlet series with the reproducing 
kernel given by translates of 

' ? ^— ' Iok n 

Here A(n) is the von Mangoldt function. By a calculation, which gave the first 
proof of the prime number theorem, von Mangoldt [35] found that 

A(n) ~ x. 

(The partial sum on the left-hand side of this asymptotic formula is usually called 
the Chebyshev function and is denoted by ip{x).) It now follows that the weights 
w n = A(n)/logn satisfy 




whence, by theorems [TJ |2j [3] and |4j the space ffl^ behaves locally like Z?i(Ci/2). 
Observe that by the same arguments, the space M^i with weights w' n = A(n), 
which has translates of the derivative of log£(s) as its reproducing kernel, behaves 
locally like the Hardy space if 2 (Ci/2). 

Example 4 (The spaces £^ Q ). Let d(n) denote the number of divisors of the n'th 
integer. Explicitly, if n = p" 1 ■■■p u k h , where p k is the fc'th prime number and 
u k e N, then d(n) = (v x + 1) • • • (v k + 1). For a G K, we set 3l a := for the 
weight w n = l/d(n) a . As with the weights of the previous two examples, it is very 
irregular, since highly composite numbers and prime numbers may occur side by 
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side among the natural numbers. Still, it follows by Ramanujan [28j and Wilson 
1 38 1 that there exists a constant C > such that 



~ Ca;(loga;) 



n<x 



Hence, by theorems [Tj |2| [3j and 111 the space Qi a behaves locally like Di_ 2 -«(Ci/ 2 ). 



The previous example is surprising as one would expect the local behavior of 
the space 3i a to correspond to the classical space D a (Ci/2)- We remark that in 
this case, the embedding for a < was first observed by Seip [3T] . 

Example 5 (The space f^oo). In the previous example, as a — > oo, it becomes 
more difficult for functions of a given norm to have coefficients corresponding to 
composite numbers. S clS du limit space as a — > oo, we suggest 



V p prime p primi 



@oc = i > a v p s : \a p \ < oo 

i prime 

In other words, we make the choice of weights 

1 if n is prime, 



else. 



By the Bohr correspondence, this space is identified with the subspace of Jif 2 
spanned by monomials, i.e. 



^a n z n : ^ \ a n\ 2 < oo 



.nSN neN 

By the prime number theorem 

x 



n<x 



W n ~ 



logx ' 



whence we conclude that the space behaves locally like the space -Di(Ci/2) in 
the sense of theorems [TJ |2j |3] and |4j 

To better see the connection between two previous examples, we consider Figure 
[2} We observe that as the parameter a of example [4] goes to oo then what we can 
call the smoothness parameter 1 — 2~~ a goes asymptotically to 1. This corresponds 
to the choice of as an endpoint space, and its local connection to the space 
Di(Ci/2) appears natural. (See also Section 8.) 

Next, we move on to an example on the countably infinite dimensional ball 



In this context, we invoke Ikehara's tauberian theorem explicitly. As indicated in 
the introduction, it allows one to deduce the behavior of the growth of a sequence 
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Figure 1. 



by considering functional theoretic properties of a related Dirichlet series. The 
version we state is due to Delange [6]. 

Theorem (Ikehara-Delange). Let A(x) be a non- decreasing function with support 
in (0, oo) ; and for which the function F(s) = J °° A(x)x~ s ~ 1 dx converges for a > 
o-q > 0. Suppose that F(s) is holomorphic on a neighborhood of the punctured 
half-plane C CTO \{o"o} ; and that for (5 < 1 it holds in this neighborhood that 

F(s) = g(s)(s-a )-^ + h(s), (7) 

for functions g,h analytic on a neighborhood of C CT0 with g(o~o) ^ 0. Then as 
x — > oo it follows that 



x 



CO 



A{x) ~ cp , 
log p X 

For (3 = 1, the same conclusion holds when ^ is replaced by 

F{s)=g{s) log— — + h{s). 
s - cro 

We remark that this result can be stated in greater generality (see [I?]). Also 
note that we wish to apply this theorem for er ^ 1, in which case the functions 
in the space J$? w will be analytic on C CT0 /2. We can still apply theorems [T] through 
[i] by considering the shift F(s — 1/2 + ctq/2). This is tantamount to replacing the 
weight (w n ) nen by (n l - 2aa w n ) n& i. 

Example 6 (The Dirichlet-Besov-Sobolev spaces £$W For 7 > the classical 
Besov-Sobolev space on the countably infinite dimensional ball is given as 

I V V \ V I 
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Here the multinomial coefficient is defined by 

M +i\ 7(7 + i) ■ ■ ■ (M + 7 



when 7 > and with [\v\ — 1)! as the denominator in the case that 7 = 0. The 
significance of these coefficients is that the reproducing kernel is given by 



KJz,w) = > 1 1 ' \z u w 



"7 



v\+T\»^_[ (1-E^')~ 7 if 7 > 



^\ v r w ~\ -log(l-E^i) if7 = 0. 



Applying the Bohr correspondence, the space B>1 (Boo) is seen to be isometrically 
isomorphic to the space of Dirichlet series with the reproducing kernel 



_ log(1 _ Cp(s + e -)) if7 = , 



where (p{s) = Y2 PP nmeP S ■ Let P > 1 be the unique number for which (p(p) = 1. 
Clearly, (p is analytic on a neighborhood of C p , and has a simple zero at s = p. 
So, by the Ikehara-Delange theorem in combination with theorems [TJ [3] and |4[ the 
space BB\ behaves locally like the space Dj_ 7 (Cp/2). In particular we note that 
the space 3§\, the Dirichlet-Drury-Arveson space, behaves locally like H 2 (C p /2). 

We mention one last example that appeared in [2 lj . It was introduced as an 
example of a Hilbert space of Dirichlet series having a complete Pick kernel. Func- 
tion spaces with this property have attracted interest in the last decade or so. For 
the definition and related results see e.g. (TJ EOl E3]- (The spaces in the previous 
example have the complete Pick property when 7 G [0, 1].) 

Example 7 (McCarthy's space). Let F(n) be the number of non-trivial ways to 
factor the number n, counting order. E.g., F(10) = 3 since 10, 2 x 5 and 5x2 are 
the non-trivial ways to factor this number. With this, McCarthy's space is J$? w 
with the weight w n = 1/F(n). It is straight-forward to check that the reproducing 
kernel for this space is given by translates of the function 

neN SV ' 

From this relation, it follows that has the complete Pick property. If p\ is 
the number satisfying C(pi) — 2, it follows as in the previous example, that J^, 
behaves locally as H 2 (C pl /2). Note that it is possible to compute weights and 
determine the local behavior for an entire scale of these spaces by taking the 
reproducing kernels to some power 7 > 0, or by using the logarithm. 



3. PRELIMINARIES ON SAMPLING SEQUENCES AND MEASURES 



In this section we give the necessary background on sampling sequences and 
measures. 
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3.1. Sobolev spaces. To discuss the boundary behavior of functions in spaces 
which locally behave like D a (Ci/2), we need to introduce the restricted Sobolev 
spaces W a (I) and their dual spaces WQ a (I). 

Denote the space of tempered distributions by S'(M). For a G R, we first define 
the unrestricted Sobolev space 

W a (R) = iu G <S'(R) : u G L 2 loc and \\u\\w° ■= j |«(f)| 2 (l + ICH^ < 00 j . 

For an open and (possibly unbounded) interval / C 1, we let Wq(I) be the 
subspace of VT a (R) that consists of distributions having support in I. By a scaling 
and mollifying argument one easily checks that this subspace coincides with the 
closure of Cq°(I) in the norm of W a (R). With this, we define the Sobolev space 

W a (I) := W a (R)/W£(R\I c ). 

In other words, the quotient space W a (I) contains the restrictions of distributions 
in W a (R) to the interval I with the norm 

— m f |H|wwr). 

v&W a (R) 

v\j=u 

Under the natural pairing (u,v) = Lu(£)v(£)d£, the dual space of W a (I) is 
isometric to WQ a (I) : as is readily verified. It is well-known that the functions 
in the spaces D a (Ci/2) have distributional boundary values that belong to the 
Sobolev spaces W a ^ 2 (I) on bounded and open intervals Jcl. 

3.2. Sampling sequences and measures for the Paley- Wiener space. Let 

if be a Hilbert space of functions on some set Q, with the property that for every 
/iffi there exists a reproducing kernel G H. A sequence A = (Xj) is a sampling 
sequence for H if for all / G H it holds that 



For a bounded interval I C R, we let L 2 (I) denote the subspace of L 2 (IR) consisting 
of functions with support in /. The Paley-Wiener space PW(7) may then be 
defined as the image of L 2 (I) under the Fourier transform. If the interval I is 
centered at the origin, this space may also be described as the space of entire 
functions of exponential type \I\/2 that are square summable on R. 

The sampling sequences for PW(7) on the real line have been given a partial 
description by Seip [32] and Jaffard [IB] , following an idea of Beurling [21 p. 345], 
in terms of the density 

J-(A) = lim inf 

r— yoo t 

The result can be stated as follows. 



Theorem (Beurling- Jaffard-Seip). Let A C R be a sequence of distinct numbers. 
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(i) If A is sampling for PW (I) , then D (A) > 



\I1 

2tt ■ 



(it) If D (A) > Ip-, then A is sampling for PW (I). 

Following Ortega-Cerda [26], we call a positive measure fi on K a sampling 
measure for PW(7) if there exists constants such that for all g G PW(J) it holds 
that 

r \g(0\ 2 ^< I \g(0\ 2 MO< I \g(0\ 2 ^- 



Note that if the right-hand inequality holds, we say that fi satisfies the Carleson- 
type inequality in (j8|), or that [i is a Carleson measure for PW(I). 

Next, given any r > and e > we define 

A M (r, e) = {k : /i([rfc, r(fc + 1)]) > e}. 

The following result [271 Proposition 1] completely characterizes the sampling 
measures for PW(J) in terms of sampling sequences. 

Theorem (Ortega-Cerda and Seip 2002). Let I CM. be an interval centered at 0. 
A positive Borel measure fi is a sampling measure for PW(7) if and only if: 

(i) There exists a constant C > such that £ + 1)) < C for all (Gl. 
(ii) For all sufficiently small r > there exists a 5 = 8(r) > such that A^(r, 5) 
is sampling for PW(7). 

Remark 1. Condition (i) of the theorem alone is equivalent to the Carleson-type 
inequality in pi) (see e.g. |26j). 



Combined with Beurling's density result on sampling sequences, this theorem 
gives a condition on when a measure is a sampling measure (see Corollary [T] below). 

3.3. Sampling for weighted spaces. We now combine some of the above results 
to extract a simple condition for sampling in the spaces TW§ (I) :={/:/€ 
Wg(I)}. To formulate it, we say that a positive Borel measure \x that satisfies 

/ \ho\ 2 a+er^< [ \Ko\ 2 a+eyd^o< [ \ho\ 2 (i+em, (9) 

Jr Jr Jr 

for all / G Wq (J e ), is a sampling measure for J-W^(J). 

Proposition 1. Let I be some bounded interval, and for e > 0, denote by I e the 
interval co- centric with I such that \I\I e \ = 2e. If fi is a sampling measure for 
jFWq \I) for some {3q G K ; then for any e > and (3 G K it holds that fi is a 
sampling measure for J-Wq (I e ) 

Proof. Clearly, if ^ holds for a given /3 G R, we can apply the derivative to 
extend it to /3 + 2N. Similarly, using integration, N can be replaced with Z. 
However, to conclude for a general (3, let h G C^°(—e,e) be a function with a 
real and positive Fourier transform, and set ipp = h ■ J 7_1 {(1 + £ 2 )(/ 3_ / ? o)/2 j p or 
/ G Co°(J e ) it is now readily checked that the function f*if>p is in C^°(I) and that 
the estimate |/^?(0| 2 ^ l/COPC 1 + £ 2 ) /3 " /3 ° holds. □ 
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Remark 2. As follows from the proof, Proposition [T] also holds if we only consider 
the Carleson-type inequality in ([9]). 

By combining the previous results, necessary and sufficient conditions for when a 
measure is a sampling measure for J-Wq(I) now follow immediately. To formulate 
them, we define 

Aj(r, 5) = {k : u(rk, r(k + 1)) > 5(1 + (rkff}. 

Corollary 1. Suppose that v is a sampling measure for JFWq{I). Then £ + 
1) < C(l + £ 2 )' 3 , and given e > by choosing sufficiently small r > 0, there exists 
S = 5(r) > such that D"(Aj(r,<y)) > \I e \/2ir. 

Conversely, suppose that + 1) < C(l + £ 2 )^ and that for sufficiently small 

r > there exists 5 = 5(r) such that D~(A^(r,S)) > \I\/2iv. Then given e > the 
measure v is sampling for JFWq(I^). 

Remark 3. By combining remarks [T] and [2| it follows that a positive Borel measure 
v on R is a Carleson measure on J-Wq(I) if and only if there exists some C > 
such that , £ + 1) < C(l + £ 2 )^ for all (el. 

3.4. Measures continuous at infinity. The previous discussion simplifies for 
measures fi which are continuous in the sense that for every e > there exists an 
R < oo and h > such that fi{[x,x + h]) < e(l + £ 2 ) /3 for all \x\ > R. We say that 
such a measure is /3-continuous at infinity. 

The following theorem is due to Ya. Lin |19j . 

Theorem (Lin). Suppose that the positive Borel measure fi on IR is ^-continuous 
at infinity. Then the measure fi is sampling for PW (I) , for every bounded interval 
I Cl, if and only if, for some L > it holds that mf x( z^{fi({x — L, x + L])} > 0. 

By Proposition [TJ the above theorem has the following immediate consequence. 

Corollary 2. Suppose that the positive Borel measure fi on R is (3-continuous at 
infinity. Then the measure fi is sampling for FW^I), for every finite interval 
I C R, if and only if we have inf^ e ig{/i([£ — L,£ + L])(l + £ 2 ) _/3 } > for some 
L > 0. 

4. Proof of Theorem Q] 

We begin with an elementary lemma that will be used in several arguments 
below. 

Lemma 2. Let (w n ) be sequence of non-negative numbers, and suppose that a e R. 
Then 

3rj e (0, 1) s.t. Y w n < x(\ogx) a <^=> Y w n < x(\ogx) a . 

nd(r)x,x) nE(0,x) 
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Moreover, suppose that the upper Chebyshev-type inequality holds, then 

El77e(0,l)s.$. ^ W n >x{\ogx) a -i=^ ^ W n > X(hgx) a . 

nd(r}X,x) n£(0,x) 

Proof. It is clear that for each statement, one implication is trivial. As for the 
' ==>■ ' part of the first statement, note that 

This gives the desired conclusion since, by a simple calculation, the sum on the 
right-hand side is bounded by a constant. 

Finally, part of the second statement follows from an argument by contra- 
diction. Indeed, assume it holds for no 77 > 0, and set ip(x) = x(logx)~ a . Then 
there exist sequences x^ — > 00 and 77^ — > for which 

22 — 

Then, this, and the upper Chebyshev-type inequality, imply 

ne(l,x k ) nE(l,T) k x k ) n£(r) k x k ,x k ) 

Applying the lower Chebyshev inequality to the left-hand side now yields a con- 
tradiction, since the quotient ip(i] n x n )/ijj(x n ) goes to zero as k — > 00. □ 

Proof, (a) =^ (b): In the introduction we have already proved this for the case 
a = 0. For a ^ 0, the argument holds with minor modifications. Namely, if we 
multiply and divide by ^/\og a nw n on the right-hand side of (J2J) , then for a > 1/2 
we obtain 

/ N ( , , a \ 

2 (logn) a w n 



r ( N 1 I 2 1 \ / N 



71 



— ss — 

(*) 



(**) 



The factor (**) can be dealt with exactly as before, using the compact support of 
the functions g, to yield (**) < C . For a < 0, we use this to evaluate 



£jWa + it)\*(a-^ ° \tdo- 



?L U 12 1 /-l / 1 \ 

2 



< CV kl - 1 . / n-^-V (a--) da^\\F 



I VC 



A similar argument holds for a G (0, 1]. 
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(6) =>■ (a): Define the function <7fc(s) := ^ ng ( e fc e k+i) w n n~ s . Suppose that a < 0. 
Then the local embedding of J^ w into D a (£,\/^) implies that for any 5 > there 
exists a constant C > such that 

-l-a 

n£(e fc ,e' s + 1 ) 

By expanding |g fc (s)| 2 , we find that the left-hand side of the above expression is 
equal to 

sin<51n(n/m) f 1 ( 1\ 1 a 

2d ) w n w m / {nm) [a - - da. 

Jlfk+i, 5\n(nm) J 1/2 \ 2 J 

We fix 5 > small enough so that 8ln(n/m) < tt/2. By evaluating the integral 
with respect to a, then up to a constant the previous expression is seen to be 
greater than or equal to 

(log nm) a (2k) a 
) w n w m > 

< • , /mm 



v nm e fc+1 

n,m£(e* : ,e fc + 1 ) 

By combining the above estimates, we obtain 

Ee^ 
w„ < — • 
k a 

ng(e fe ,e fe + 1 ) 

By Lemma [2j this implies the desired conclusion. The cases a = and < a < 2 
are treated in the same way. □ 

In the paper [21], a more operator theoretic perspective was taken. This made 
it possible to study the span of the boundary values of functions in the Dirichlet- 
Hardy space Jf 2 , as well as the more general spaces introduced by McCarthy 
(see Example [TJ. In the next section, we utilise this point of view to study the 
boundary spaces of the spaces J^ w . To prepare for this, we introduce the densely 
defined embedding operator 

N 

Ei : ^2 a ™ 7 

ra=l \n=l / *e/ 

and establish the following result. 

Lemma 3. Let (w n ) be a sequence of non-negative numbers, and a G (— oo,l]. 
Then the conditions of the previous theorem are equivalent to either of the state- 
ments: 

(a') For intervals I of fixed length, there exists a constant such that for all f G 
W~ a/2 {I) then 

\- I /(log ^) 1 2 < n f n2 

neN 
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(b') The operator E j is bounded from Jrf? w to W a ^ 2 (I). 

Proof. The equivalence (a') <^ (6') is obtained exactly as in [21]. One simply 
computes that the adjoint operator of Ej with respect to the natural non-weighted 
pairings is given by 

<7(logn) 



net 



To establish (a') <^ (a), we observe that using the measure 

EA — 



V 

~" n 

neN 



it is clear that (a') is equivalent to the inequality 

l/(£)l 2 d^< J i;(£)| 2 (i + £T a/2 d£- 



By Remark |3j this is in turn equivalent to £ + 1) < (1 + £ 2 ) Q / 2 . It is plain to 
see that this is equivalent to 

ne(e5 _1 ,e^) 

By Lemma [2j this gives the desired conclusion. □ 

5. Proof of Theorem [2] 

Continuing in the spirit of the previous lemma, we take the same approach as 
in [21]. Namely, inspired by the embedding operator Ei, which we considered in 
the previous section, we define an operator 

a n rC li + a_ n n lt 



>n 



Essentially a direct sum of two embedding operators, it allows us the flexibility to 
study the real parts of functions in ^f w . To this end, we define the space 



IT) = {(a n ) n6Z * : ^(|a n | 2 + \a_ n \ 2 )/w n < oo}. 



■"w 

neN 



With this, we establish the following lemma. 

Lemma 4. Let (w n ) be a sequence of non-negative numbers and a 6 1, and 
suppose that the upper Chebyshev-type inequality for (w n ) holds with this a. Then 
the following are equivalent: 

(a') For intervals I sufficiently small, there exists constants such that 
4|m|2 ^^ |/>>gn)| 2 + |/(-logn)| 2 

neN 
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(b') For intervals I sufficiently small, the operator Rj : £^(Z*) — >■ W a ^ 2 (I) is 
bounded and onto. 

(c') For intervals I sufficiently small, then for every f G D a (C\/2) there exists an 
F G Jif w such that the real part of f — F vanishes on 1/2 + il, and therefore 
f — F has an analytic continuation across this segment. 



Proof. In light of Lemma[3j the equivalence of (a') (6'), as well as the implication 
(b') =>• (c') is proved more or less exactly as in |24j . The implication (c') =>- (&') 
follows by the same line of reasoning. Indeed, Let h(t) G W a (I) be given, and 
write h — u + iv. By hypothesis, there exists F,G G Jif w such that KeF = u and 
Re G = v on 1/2 + iL If we write 

F = ^(a n + i/3 n )n" s and G = J^(7n + iS n )n~ s , 
it follows by considering real parts and imaginary parts, that 



Ri{c n ) 1 — > > t= = h, 

where 

C„ = h i • 



□ 



We are now ready to prove the theorem. 

Proof of Theorem^ By the previous lemma, it suffices to show (a) <^ (a 7 ), (c') =^ 
(6) and (6) (6')- 

(c') ^> (6): In order to get the analytic continuation, the idea is to express 
the difference / — F by using a Szego-type integral. The norm estimates then 
follow in a straight-forward manner. For the Dirichlet-Hardy space, this is proven 
in detail as a part of [2"4"t Theorem 1]. For more general weights satisfying the 
Chebyshev-type inequalities for a = 0, this proof can be repeated word by word. 
For a / 0, the necessary adjustments to the argument are outlined in the proof 
of [24, Theorem 5]. 

(a) <^ (a'): We define the measure 




In Lemma [3| we established that the upper Chebyshev inequality is equivalent to 
the Carleson-type inequality, so we may assume that it holds. As a consequence, 
(a') holds if and only if v is a sampling measure for J"W a ^ 2 (I). 
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Suppose that v is a sampling measure for TW^ al (7). By Corollary [lj it follows 
that for some r > and 5 > 0, then A r± s has positive density. In particular, for 
m > and sufficiently large £, we have 

|An(£-rm,OI > C > 0. 

So, for sufficiently large £ there exists G N with fcr G (£ — (m + l)r, £ — r) for 
which z/(/cr, (A; + l)r) > 5(kr)~ a l 2 . This yields 

2 ^>e fcr — >e kr (kr)- a/2 ^e^- a/2 - 

nG(l,e?) ne(e fer ,e (fc+1)r ) 

We turn to the converse. By Lemma |2j if the lower Chebyshev inequality holds, 
then there exists 77 G (0, 1) so that for large enough x we have 

^2 w n >x(\ogx)~ a . 

By setting rj = e~ q and x = e^, this implies that there exists C > such that for 
£ large enough we have — q, £) > C^ a . In other words, the set 

A = {£; : i/(jfeg, (A; + l)g) > (7(1 + {kr) 2 )~ a/2 } 

has density D~(A) = 1/q. By basic considerations, it also follows that for r < q, 
the same holds when the constant C is suitably reduced. Hence, by Corollary [TJ 
it follows that v is a sampling measure for J r H / ~ a ^ 2 ( J), whenever |J| < 2n/q. 

(b) (6 ; ): We use the following basic lemma from operator theory. We refer 
the reader to e.g. Lemma 4, p. 182] for a proof. 

Lemma 5. Suppose that X, Y are Banach spaces, and that Z : X Y is a closed 
linear operator. Let Bx and By denote the unit balls of X and Y , respectively. If 
there exists a number M > such that for every y G By there exists x G MBx 
for which \\Zx — y\\ < 1/2, then Z is surjective. 

Suppose that the interval J is such that Rj satisfies part (b) of Theorem [2] We 
show that (b') holds for sufficiently small co-centric intervals I C J. To this end, 
suppose that h in the unit ball of W a ^ 2 (I) is given, and let f,g G -D Q (Ci/2) be 
functions such that f + g has h as its boundary distribution on 1/2 + if. Since h is 
the restriction of a compactly supported distribution, it is not hard to use Laplace 
transforms to show that f,g can be chosen so that both ||/||d q and ||g||_D a are 
smaller than or equal to some constant B, independent of h. We then apply part 
(b) of Theorem 2 to the disc T which has the segment 1/2 + if as a diameter. Since 
r has a positive distance to C\Cj, there exists a constant (7 > 0, only depending 
on T and /, and F, G G Jt? w such that both <fr := f — F and ip := g — G extends 
analytically across 1/2 + il and satisfies 

SUp|0(s) +V>(S)| < C||/l|| W a/2 = C. (10) 
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With this, and a slight abuse of notation, we get 

R I {F + G) = h + {<p + ij)\ I . 
By a straightforward computation using (10), we get + V'llw"/^/) < C|-f| 



Choosing / so small that |/| < 1/2(7, we invoke Lemma |5| to get the desired 
conclusion. □ 

We now give two remarks which shows that Theorem [2] cannot be improved. 

Remark 4. There exist sequences w n which satisfy both an upper and lower Cheby- 
shev inequality for the same a, but for which Jif w only reproduces boundary 
functions on small intervals. Indeed, for each k G N, choose n fc G N such that 
logn G (k — 1/5, k + 1/5). For n G N, set w n = n if n = for some k, and 
w n = otherwise. We extend this to negative indices by the rule w_ n = w n . On 
the one hand, it now follows by Kadec's 1/4 theorem (see e.g. [39, p. 36, Theorem 
14]) that v = ^SiognWn/n is a sampling measure for PW(— 7r,7r). On the other 
hand, by the Beurling-Jaffard-Seip density theorem above, this sequence cannot 
be sampling for PW(— ir — e, ir + e) for any e > 0. 

Remark 5. As an example of a sequence w n for which Jif w reproduces boundary 
values, but for which the embedding does not hold. One can choose w n as in 
the remark above, and set w' n = e n for n ^ n k for any k. Then the Sp£lC6 jffify/f j 
where w" n = w n + w' n reproduces boundary values of PW(— 7r, 7r) since 
However, no embedding of the type that we have considered holds. 



6. Proof of Theorem [3] 

Proof Theorem^ (a): Suppose that fi is a Carleson measure for D a (Ci/2) with 
compact support. Since the space J^ w is embedded into D a (Ci/2) for some a£l, 
it holds that for iV G N large enough then F G JKj implies F(s)/s N G D a (Ci/ 2 ). 
Hence, 

/ \F(s)\ 2 Ms) < [ \F(s)/s N \ 2 d»(s) < \\F/s\\l a < \\F\\%, w . 

As for the converse, we use the fact that by Theorem |2j for every / G D a (Ci/2) 
and interval J, there exists and F G J4? w such that F — / has an analytic extension 
across the segment 1/2 + iJ. Hence, by choosing the interval I large enough, we 
get 

/ |/| 2 d/i < / \F\ 2 dn + [ \f- F| 2 d/i <\\F\\* tSa + C. 

JCx/2 •'Cjya 

The conclusion now follows either by the norm control offered by Theorem |2j or 
the closed graph theorem. 

(6): The following argument is different from the one found in [25], which was 
applied in the case of the weights w n = (logn) a , as it avoids use of the reproducing 
kernels beyond their role as norms for point evaluations. Instead, it relies on 
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Lemma [5] and part (6) of Theorem [2} One direction is simple, and follows by the 
same arguments as in |25| . Indeed, by Theorem [TJ the space ffl w is embedded 
locally into the space D a (Ci/2). As above, it follows that if F £ then for 
some N eN large enough, we have F/s N £ D a (C]/2). Since we are dealing with 
bounded interpolating sequences, the problem F(s n ) = w n has a solution if and 
only if F(s n ) = w n s^ does. Hence, f(s) = F(s)/s N is a function in _D a (Ci/ 2 ) that 
solves the problem f(s n ) = w n . 

We turn to the converse. Assume that S = (s n )«eN is a bounded interpolating 
sequence for D a (Ci/2), and write k® a and k^ w for the reproducing kernels at s n 
of the respective spaces. This means that the interpolation operator defined by 

/ £ D a (c 1/2 ) ^ (ji^-) e e 

\\\ K n a \\D a J „ 6 n 

is bounded and onto £ 2 . Since \\k^ a \\D a — \\k%™\\j%B, as follows from Lemma [TJ 
the same remains true if we replace the weights of the operator by l/\\k^ w ||^. 
Next, without loss of generality, we may assume that the sequence (s n ) ng N satisfies 
°n+i > cTft- With this in mind we set = (s n ) n >N and define the operators 

Tn ■ F <E 1 > ) ■ 

\ ll^n W-mo / n >N 

By the same reasoning as in the proof of [25, Thm. 2.1], it follows that if Tn is 
surjective for some N £ N, then the operator T\ is also surjective. The argument 
uses Lagrange-type sums of finite products of the type 

N 

n(i-f7 (M,) ). 

3=1 

where the pj are prime numbers. 

Next, we show that 7jv is onto for large enough N. So, suppose that bj is in the 
unit ball of £ 2 , and assume first that there exists / in the unit ball of D a (Ci/2), 
such that f(sj) = bj\\kj w \\jg> w for j £ N. (In general, it only follows by the open 
mapping theorem that such an / exists in some dilation of the unit ball.) 

To apply part (6) of Theorem |2j let T be an open disk in C1/2 that contains 
S, and let / C R be some bounded interval such that sup{|Ims| : s £ /} > 
2 sup || Ims| : s £ Tj. Now, since T is at a positive distance from C\Cj, there 
exist a constant C > 0, only depending on T and /, and F £ 3P W such that 
<p := / — F extends analytically across 1/2 + il and satisfies 

su P |0( s )|<qmK (Cl/2) . 

It now follows, with a slight abuse of notation, that 

T N F(n) = T N f{n) + T N (F - f)(n) = b n + 4>(s n )/\\kf-\U w . 
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So, to conclude by Lemma |5j we need to show that for N large enough, we have 

^ < 1/2 (ID 

\k^\\^ / 1 1 ' 

But this follows immediately as <p{s n ) is uniformly bounded, and the sequence 
(VPifHljfJneN is square summable. □ 



7. Proof of Theorem 0] 

Let I be any bounded interval in 1L In light of part (a') of Lemma [4] it suffices 
to show that there exist constants such that for all / G C^°(J) we have 



^ |/(logn)| 2 + |/(-logn)| 2 2 

w -<*/\D ~ n w ™ ~ H J H^ - a/2 (/)- 

neN 



By definition this is equivalent to the measure 

E^log n 3— log n 
n 

being a sampling measure for J-W _Q ^ 2 . To apply Corollary [2J we first need to 
check that \x is (— a/2)-continuous at infinity. 
For L > and £ > we get 

a*k* -£,*)]= £ £ "4 

Given e > 0, we choose £ large enough for § to yield (C + e)f a -(C- e)e~ L (f - 
L)~ a . Clearly, by choosing L > small, and letting £ be large enough, we obtain 
the desired inequality 

^-L,o}<e(i+er a/2 . 

To complete the proof, we need to check that there exists some L > such that 

inf/4(£-L,O](l + £ 2 r /2 >0. 

But by what was done in the proof of (a) <^ (a') in Theorem [2j there exists L > 
such that for large enough £ we have 

nG(e£- L ,c£) 

By Lemma [2j the conclusion now follows. 
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8. FURTHER REMARKS 



It is possible to define the spaces ^ of example [2] when (3 > for general p ^ 2 
using the expression ([6]). By j5], the resulting function spaces of Dirichlet series 
have bounded point evaluations on Ci/2- That the same is true for the spaces *2> a 
of example [4j for a < 0, is less obvious. However, as it is possible to solve the 
Hausdorff moment problem (n+ l) a = r 2n+1 du a , for some positive measure u a , 
one obtains a radial probability measure on D (see e.g. [37, Chapter III]). This 
yields the required integral expression for the norm on polydisks. 

By the previous remark, it is not hard to determine the multiplier algebras of 
these spaces. In the language of [5], it is clear that the multipliers of the spaces 
^(O 00 ) and D a (3°°) are exactly the elements of the spaces H°° for the respective 
infinite product measures. But as these measures are products of radial probability 
measures supported on D, it was shown in Theorem 11.1] that these spaces are 
simply H 00 ^ 00 ). As explained in [TT] for the space Jrff 2 , which we identified with 
the space H 2 (T°°) in the introduction, it now follows that the multiplier algebra 
of both the spaces s/p and 3s a is 

= < y a n n~ s : sup | > a n n~ s \ < oo >. 

L Res>0 J 

The same argument holds for any p > 1. Recently, similar results were obtained 
for p G (0,1) for function spaces on finite polydisks by Harutyunyan and Lusky 

m- 

Our next remark concerns a consequence of an improvement of an inequality of 
Hardy and Littlewood. Mateljevic [20] showed that the constant C — 1 is best 
possible in the inequality 



2 {n + l)<C I |/(e w )|^. (12) 



We remark that the proof of the latter fact was essentially known in the smooth 
case to Carleman, who considered only the finite Blaschke products, and was 
proved in full generality by Mateljevic using the same method. Since it seems that 
his paper did not become widely known, the same proof was later rediscovered by 
Vukotic [36J. In language of Dirichlet series, Helson [13] exploited this precise 
estimate to prove, using a method due to Bayart, that 

Our observation is that by following the classical proof of the Riesz-Thorin in- 



terpolation theorem, it is possible to interpolate between (12) and the Plancherel 
identity for p = 2 to obtain (in the notation of example [4| 

||/lk_ 2/p (D) < ||/||JI»(D). (13) 

By generalising the argument of Bayart and Helson, this yields 



W_ Vp < \\F\\je>p- 
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With respect to Figure [2j this family of inequalities takes place between the two 
points of intersection between the curves which represent the "smoothness" of the 
spaces of D a (Ci/2) and *2i a I.e., at the points a = — 1 and a = 0, where the space 
3l a behaves locally as one would expect. 

In addition to the local embeddings discussed above, others are possible. For 



instance, Seip observed that it follows from (13) and a duality argument that 
V a is locally embedded into the space H 2 " (Ci/ 2 ). Specifically, given a bounded 
interval J, then there exists a constant C > such that for / G @ a we have 



2 a+1 / r<\\ ni2° 



sup / \f(a + it)\ < C UJ m 

a>l/2 J I 



We point out the the best possible constant of ( 13 ) is not needed for this argument. 

Finally, we mention that the Helson-Bayart inequality mentioned above is used 
in [13] to prove a special case of the Nehari lifting theorem for Hankel forms on 
the Hardy space H 2 (T°°). A Hankel form in countably infinitely many variables 
is defined by 

where j and k are multiplied in the index of p^. (Note that the one variable 
definition is retrieved by only summing over indices j = 2 m .) The result of Helson 
says that if the Hankel form is a Hilbert-Schmidt operator, then there exists a 
function in L 00 (T 00 ) such that 4>(n) = p n for nGN. The connection is that the 
Hilbert-Schmidt condition is exactly 

j,k£N neN 

where d(n) is the number of divisors function (see Example [1]). By the Helson- 
Bayart inequality, the solution now follows by a duality argument. In the general 
case, the problem has been settled by Ferguson and Lacey on the bidisk [7] and 
Lacey and Terwilleger on polydisks of finite dimension |18j . but it remains open 
on the infinite dimensional polydisk. (See also |12| p. 54] for a discussion of this 
problem.) 
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